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I-237
B.Sc. (Part-III) Examination, 2020

MATHEMATICS

Paper - II

(Abstract Algebra)

Time Allowed : Three Hours

Maximum Marks : 50

Minimum Pass Marks : 17

veesš : ØelÙeskeâ ØeMve kesâ efkeâvneR oes YeeieeW keâes nue keâerefpeS~ meYeer ØeMveeW

kesâ Debkeâ meceeve nQ~

Note : Solve any two parts from each question. All

questions carry equal marks.

FkeâeF&—I / UNIT-I                    5×2=10

Q. 1. (a) efmeæ keâerefpeS efkeâ efkeâmeer mecetn G keâe kesâvõ Z(G), G

keâe ØemeeceevÙe Ghemecetn neslee nw~

Prove that the centre Z(G) of a group G is

normal subgroup of G.

(b) efmeuees keâe efÉleerÙe ØecesÙe efueefKeS SJeb efmeæ keâerefpeS~

State and prove second Sylow's theorem.
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(c) efmeæ keâerefpeS efkeâ efkeâmeer mecetn G kesâ meYeer mJeekeâeefjleeDeeW

keâe mecegÛÛeÙe ØeefleefÛe$eCeeW kesâ mebÙeespeve keâes mebÙeespeve kesâ

™he ceW uesves kesâ meehes#e Skeâ mecetn efveefce&le keâjlee nw~

The set of all automorphism of a group G

form a group with respect to composition of

mapping as the composition.

FkeâeF&—II / UNIT-II                    5×2=10

Q. 2. (a) Ùeefo f, JeueÙe (R, +, •) mes DeeÛÚeokeâ JeueÙe (R', +',

•') hej Skeâ meceekeâeefjlee nw, leye efmeæ keâerefpeS efkeâ

   R /kerf, , R     5×2=10

If f is a homomorphism from a ring (R, +, •)

onto a ring (R', +', •') then

   R /kerf, , R     .

(b) heefjcesÙe mebKÙeeDeeW kesâ #es$e Q hej heefjYeeef<ele yengheoeW

f(x) = 2x3 – 4x2 + x – 2 leLee g(x) = x2 – x – 2

keâe cenòece meceeheJe&lekeâ (gcd) %eele keâerefpeS leLee Fmes

oes SkeâIeeleer yengheoeW kesâ mebÛeÙe kesâ ™he ceW JÙeòeâ keâerefpeS~
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Find the greatest common divisor of following

polynomials on the field Q & express it as a

linear combination of two polynomial

f(x) = 2x3 – 4x2 + x – 2 & g(x) = x2 – x – 2.

(c) Skeâ R-cee[Ùetue M kesâ oes Ghecee[dÙetueeW keâe meJe&efve‰ Yeer

M keâe Skeâ Ghecee[dÙetue neslee nw~

The intersection of two sub-modulus of an

R-module M is also a submodule of M.

FkeâeF&—III / UNIT-III                5×2=10

Q. 3. (a) efkeâmeer meefoMe meceef° V(F) kesâ Skeâ Deefjòeâ GhemecegÛÛeÙe

W, V keâe Skeâ Ghemeceef° nesiee Ùeefo Deewj kesâJeue Ùeefo

a, b  F leLee ,  W  a + b W,

V  , W.

The necessary & sufficient condition for a

nonempty subset W of a vector space V(F)

to be a vector subspace is a, b  F and

,  W  a + b W, V  , W.

(b) oMee&FÙes efkeâ meefoMe (2, 1, 4), (1, —1, 2), (3, 1, —2)

R3 kesâ efueS Skeâ DeeOeej efveefce&le keâjles nw~

Show that the vector (2, 1, 4), (1, –1, 2),

(3, 1, –2) form a basis for R3.

(c) Ùeefo W Skeâ heefjefceleefJeceerÙe meefoMe meceef° V(F) keâe

Skeâ Ghemeceef° nw, leye oMee&FÙes efkeâ :

V
dim dimV dimW

W
 

If W is a subspace of a finite dimensional

vector subspace V(F) then :

V
dim dimV dimW

W
 

FkeâeF&—IV / UNIT-IV                5×2=10

Q. 4. (a) efmeæ keâerefpeS ØelÙeskeâ n-efJeceerÙe meefoMe meceef° V(F),

Vn(F) mes leguÙeekeâejer nesleer nw~

Prove that every n-dimensional vector

subspace V(F) is isomorphic to Vn(F).
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(b) Skeâ jwefKekeâ ™heevlejCe T : V2  V3 efvecve ™he mes

heefjYeeef<ele nw T(x1 x2) = (x1 + x2, 2x1 – x2, 7x2)

Ùeefo B = {e1 e2},  1 2 3B e e e     ›eâceMe: V2 Je V3

kesâ ØeceeefCekeâ DeeOeej nw lees Fve DeeOeejeW kesâ meehes#e T keâe

DeeJÙetn %eele keâerefpeS~

A linear transformation T : V2  V3 is defined

by T(x1 x2) = (x1 + x2, 2x1 – x2, 7x2) if

B = {e1 e2} &  1 2 3B e e e    be the standard

bases of V2 & V3 respectively then find the

matrix T with respect to these bases.

(c) efoKeeFÙes efkeâ efvecve DeeJÙetn A efJekeâCeeaÙe nw :

1 1 4

A 3 2 1

2 1 1

 
   
  

Show that matrix A is diagonalizable where :

1 1 4

A 3 2 1

2 1 1

 
   
  

FkeâeF&—V / UNIT-V                  5×2=10

Q. 5. (a) efkeâmeer Deevlej iegCeve meceef° V(F) ceW efkeâvneR Yeer oes

meefoMeeW ,  kesâ efueS efmeæ keâerefpeS efkeâ : 5×2=10

 ,    

In an inner product space V(F) for any two

vectors ,  prove that :

 ,    

(b) «eece-efMceš kesâ ueebefyekeâ Øe›eâce keâe ØeÙeesie keâjkesâ V3(R)

kesâ DeeOeej B = {1 2 3} mes Skeâ ØemeceevÙe

ueebefyekeâ DeeOeej Øeehle keâerefpeS peneB 1 = (1, 0, 1),

2 = (1, 2, –2), 3 = (2, –1, 1)

Apply Gram-Schmidt orthogonalization

process to obtain an orthonormal basis from

basis B = {1 2 3} where 1 = (1, 0, 1),

2 = (1, 2, –2), 3 = (2, –1, 1).



(7)

I-237 1,500

(c) efmeæ keâerefpeS efkeâ V2(R) ceW (, ) = a1b1 – a2b1

– a1b2 + 2a2b2 peneB  = (a1, a2),  = (b1, b2)

V2(R) Skeâ Deevlej iegCeve meceef° nw~

Prove that V2(R) is an inner product space

with an inner product defined on  = (a1, a2),

 = (b1, b2) V2(R) by (, ) = a1b1 – a2b1 –

a1b2 + 2a2b2.
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